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We study 2d conformal field theory (CFT) at large central charge c and finite temperature T
with heavy operators inserted at spatial infinity. The heavy operators produce a nearly thermalized
steady state at an effective temperature Teff ≤ T . Under some assumptions, we find an effective
Schwarzian-like description of these states and, when they exist, their gravity duals. We use this
description to compute the Lyapunov exponents for light operators to be 2piTeff , so that scrambling
is suppressed by the heavy insertions.
Introduction. There are many measures of quantum
chaos. One recently introduced by Kitaev [1] is an ana-
logue of the Lyapunov exponent for classical dynamical
systems. In systems with N  1 degrees of freedom, the
out-of-time-ordered correlation function (OTOC) of two
local operators V and W may grow as [2]
〈V (t)W (0)V (t)W (0)〉β
〈V V 〉β〈WW 〉β = 1−
1
N2
eλL(t−t∗) +O(N−3) ,
(1)
for t  t∗ = O(lnN2). Here λL is a quantum “Lya-
punov” exponent, t∗ is the “scrambling time” at which
the second term is O(1) and before which the approxima-
tive expression above breaks down, and the correlation
functions are evaluated at inverse temperature β.
Maldacena, Shenker, and Stanford [3] have argued that
λL is bounded from above as
λL ≤ 2pi
β
. (2)
Systems which saturate the bound are sometimes said to
be “maximally chaotic.” One reason for recent interest in
maximal Lyapunov growth is that it diagnoses dual grav-
itational physics. CFTs with an Einstein gravity dual in
Anti de Sitter (AdS) spacetime universally saturate the
bound [4]. In 2d CFT [5] and in d > 2 Rindler CFT [3]
this fact is understood to be a consequence of confor-
mal invariance, large N factorization, and a large higher
spin gap. Similar statements apply for nearly conformal
systems in one dimension, like the Sachdev-Ye-Kitaev
(SYK) model [1, 6–9] at large N and low-temperature
and Jackiw-Teitelboim gravity on nearly AdS2 space-
time [10–13], both of which are governed by a Schwarzian
effective description.
That Schwarzian model may then be viewed as an ef-
fective theory for maximal chaos. Building upon that
model, as well as the Schwarzian-like description of SYK
chains [14, 15], the authors have proposed a more general
hydrodynamical description of maximally chaotic sys-
tems [16]. A crucial feature of their model is the “pole-
skipping” phenomenon, discovered in [17], whereby the
thermal two-point function of the stress tensor exhibits
a line of poles and a line of zeros as a function of mo-
mentum in the complex frequency plane, and these two
cross at the frequency corresponding to the exponent λL
in the OTOC (1) (and at the momentum corresponding
to the “butterfly velocity,” e.g. [18]). This phenomenon
arises in theories with an Einstein [19] gravity dual (and
persists with higher curvature corrections [20]).
What of submaximal chaos in gravity or large N CFT?
An EFT description of submaximal chaotic growth has so
far been elusive. In gravity, it is known that the exchange
of a Regge trajectory of higher spin states perturbatively
shifts the exponent [21], and there is some hope that this
exchange has a “pomeron”-like effective description.
In this note we take a different tack, and find a simple
example of a large N system which, in a sense, displays
submaximal chaotic growth on account of stress tensor
(and descendant) exchange. Consider a CFT2 at large
central charge c on the line at finite temperature. Here
c plays the role of the large N parameter. Insert iden-
tical “heavy” operators of equal right- and left-scaling
weights h = h¯ = O(c) at spatial infinity. [22] These in-
sertions generate a non-equilibrium steady state [23], in
which one-point functions of local operators are constant,
and to leading order at large c two-point functions of
“light” operators with scaling weights ∆, ∆¯ = O(c0) are
thermal at an effective temperature which depends on h.
However the 1/c corrections to those two-point functions
are not exactly thermal, and so the steady state is only
approximately thermalized. In any case we study scram-
bling in the nearly-equilibrium state through an OTOC,
now a six-point function with two heavy insertions. For
light operators and for operators with scaling dimension
∆ = O(
√
c), we find the Lyapunov growth
λL =
2pi
βeff
=
2pi
β
√
1− 24h
c
≤ 2pi
β
, (3)
when h < c/24. This growth is “submaximal” with re-
spect to the initial temperature, and “maximal” with
respect to the effective temperature, although strictly
speaking the bound (2) does not constrain this exponent
since it comes from a six-point function. We also find
that the pole-skipping phenomenon of [16] holds here.
To obtain these results we argue for an effective field
theory (EFT) description of these systems, appropriate
for CFT2 in which nonlinear response is dominated by
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2the exchange of the identity and its Virasoro descendants.
This EFT may be thought of as a higher-dimensional ver-
sion of the Schwarzian model. We also study the gravity
dual to these CFTs when they exist. The dual geom-
etry is the double Wick-rotation of global AdS3 with a
conical singularity, a two-sided BTZ black brane with a
defect extended along the bifurcation surface. Starting
from the global AdS3 description, we can derive the EFT
from gravity following [24].
The validity of this EFT rests on the usual proper-
ties of “holographic” CFTs, including large N factoriza-
tion and a large higher spin gap. We also note that this
EFT is closely related to a variant of the Schwarzian
model [25] (see also [26]) which describes submaximal
Lyapunov growth [27] in some modifications of the SYK
model [28] with twisted boundary conditions for the SYK
fermions.
Note: As this work was nearing completion a closely
related paper [29] appeared on arXiv.
Setup. Consider a CFT2 on the Euclidean plane with a
conformally invariant vacuum. Insert identical operators
O of scaling weights (h, h) at the origin and infinity. The
stress tensor acquires a nonzero one-point function
〈T (z)〉plane = h
z2
, 〈T¯ (z¯)〉plane = h
z¯2
. (4)
The global conformal symmetry is broken to the sub-
group generated by L0 and L¯0. Now conformally trans-
form to the Euclidean cylinder of circumference β, z =
e2piiw/β . The Virasoro zero modes are Lcyl0 = L0− c24 and
L¯cyl0 = L¯0 − c¯24 , with c and c¯ the right and left central
charges. We take c = c¯ in what follows. This setup ad-
mits two rather different continuations to real time. In
the usual one, we take the non-compact coordinate on
the cylinder to be Euclidean time, so that the real-time
theory lives on a Lorentzian cylinder and the insertions
are in the infinite past and future. The Euclidean path
integral prepares a simultaneous eigenstate |h, h〉 of L0
and L¯0 of the CFT on a circle of size β. Unitarity implies
that h ≥ 0, as does the averaged null energy condition on
the Lorentzian plane (upon continuing (4) to real time).
In the other continuation we regard the angular direc-
tion as Euclidean time, in which case we have CFT on
the line at finite temperature. The insertions are now at
left and right spatial infinity, and we may interpret the
cylinder partition function as computing an unnormal-
ized trace Z = tr (e−βHO(∞)O(−∞)), where H is the
CFT Hamiltonian on the line. Assuming that the spec-
trum of operators has a gap above the identity, this trace
has Cardy-like growth at large energy, characterized by
a density of states
ρ(L0, L¯0) ≈ exp
(
2pi
√
L0
6
(c− 24h) + 2pi
√
L¯0
6
(c− 24h)
)
,
(5)
provided that c > 24h. [30] Equivalently, there is a “free
energy density” Z = e−βV f with V the regularized spa-
tial volume,
f ≈ − pi c
6β2
α2 , α =
√
1− 24h
c
. (6)
In what follows we take h = O(c) and h < c24 , for
which the expressions above are valid. Note that f
takes the same form as the thermal free energy den-
sity of a CFT2 on the line, at an effective temperature
1
βeff
= 1β
√
1− 24hc ≤ 1β .
As this result suggests, the thermal state perturbed by
the insertions at infinity is approximately thermal at a
temperature 1/βeff . In fact it is a non-equilibrium steady
state. To wit, suppose we probe this state with local op-
erators. It is simple to show that the one-point function
of the stress tensor takes the usual thermal form at tem-
perature 1/βeff . More generally one-point functions of
local Virasoro primaries V of scaling weights (∆, ∆¯) are
constants, proportional to the OOV operator product
expansion coefficient COOV ,
〈V 〉β,h = tr(e
−βHO(∞)O(−∞)V )
tr(e−βHO(∞)O(−∞)) = COOV
(
2pi
β
)∆+∆¯
.
(7)
So we have a steady state. This does not quite match
thermal physics, as the thermal one-point functions of
primaries vanish. However at large c it is often the case
that the C’s are suppressed, in which case the one-point
functions are approximately thermal.
What of higher-point functions? n-point functions of
local operators in the state may be obtained from n+ 2-
point functions on the plane, where the additional two in-
sertions are the O’s. For example, the two-point function
of two operators V in the state comes from a four-point
function 〈OV VO〉plane. In this work we assume not only
large c but “vacuum dominance,” meaning that we study
CFT2 for which the dominant contribution to these cor-
relation functions arises from the exchange of the iden-
tity operator and its Virasoro descendants in some chan-
nel. (For a higher spin gap of O(c), this approximation
will necessarily break down at cross-ratios of order 1/c.)
Thus, to understood two-point or four-point functions in
the state we require multi-point Virasoro identity blocks
with two heavy insertions. As we will see, known results
for the blocks at large c with an an O(1) number of light
insertions imply that the state is approximately thermal.
Now suppose that the CFT2 has an Einstein gravity
dual, with c = c¯ ≈ 32G  1 and we normalize the AdS
radius to unity. For h = O(c) with h < c24 the dual
gravitational background to the CFT on the Euclidean
3cylinder is
ds2 =
4dzdz¯ + r2h(1 + |z|2)2dy2
(1− |z|2)2 ,
z = re2piiατ/β , rh =
2pi
β
α ,
(8)
where τ ∼ τ+β, and y is non-compact. There is a defect
at r = 0, which produces a deficit angle 2pi(1− α). This
defect is smoothed out at finite c. The free energy density
of the black brane is f ≈ − pic6β2α2, matching (6), and the
entropy density is s ≈ pic3βα2.
There are two possible continuations to real time. The
first, in which y is Euclidean time, leads to global AdS3
with a conical singularity. The second, corresponding to
τ being Euclidean time leads to a two-sided black brane
via z → u = x+ t, z¯ → −v = x− t,
ds2 =
−4dudv + r2h(1− uv)2dy2
(1 + uv)2
, (9)
however with a defect at the bifurcation surface u = v =
0. The boundary conditions for bulk fields at the hori-
zons u = 0 and v = 0 are also modified. To understand
those boundary conditions we perform a Hartle-Hawking
construction of the bulk state as in [31]. The state is
prepared by a Euclidean section, half of the Euclidean
geometry (8), covered by τ ∈ [0, β/2]. To evolve this
state we glue the boundary of this section, at τ = 0, β/2,
to the future half of the Lorentzian geometry (9) at the
t = 0 slice. The bifurcation surface is glued to the coni-
cal deficit at the center of the Euclidean section. In the
limit that the conical defect is infinitely sharp, the stress
tensor for matter fields is singular there, and so also at
the horizons of the Lorentzian section. This singularity
is regulated at finite c.
We are interested in the boundary stress tensor, i.e.
the fluctuations of the gravitational field on top of this
background. These fluctuations are well-behaved in the
presence of the conical singularity owing to the topologi-
cal nature of pure three-dimensional gravity, and so for us
the precise resolution of the singularity is unimportant.
EFT and pole-skipping. We would like to compute cor-
relation functions assuming vacuum dominance, i.e. Vi-
rasoro identity blocks with two heavy insertions. This
may be done at large c via standard techniques [32]. See
e.g. [33–35]. In fact, the six-point block with two heavy
insertions and four insertions which are either light or
“hefty” [36] has been computed in [35]. By “hefty” we
mean that their scaling weights are of O(
√
c). Those
authors use the block for a different goal, to find the
Lyapunov exponent for light operators in an eigenstate
prepared by a heavy operator with h > c24 , which has an
effective temperature set by h. They find λL =
2pi
βeff
. For
our purposes we reinterpret the block as a twisted ther-
mal four-point function of light operators, from which we
t=0
FIG. 1. The Hartle-Hawking construction for the two-sided
BTZ black brane with nonzero h, h¯. Half of the Euclidean
geometry (8) is glued to the future half of the two-sided black
brane across the t = 0 slice. The thick blue dot represents the
defect, the diagonal black lines the horizons, and the dashed
red line the future singularity.
can obtain the OTOC (1) in the steady state by an appro-
priate continuation to real time. This gives the Lyapunov
exponent (3) advertised above.
We develop an EFT approach to computing the blocks
along the lines of [24], independently computing the six-
point block with four light or “hefty” insertions. The
result agrees with that of [35].
The starting point is to consider the continuation
where we have the CFT on the cylinder in the state |h, h〉.
The Virasoro symmetry is spontaneously broken and the
relevant coset manifold is two copies of Diff(S1)/U(1), in-
finitesimally parametrized by the Ln 6=0 and L¯m6=0. There
is a simple effective theory which realizes this symme-
try breaking pattern, and which matches the anoma-
lies of the underlying CFT: two copies of the Alekseev-
Shatashvili path integral quantization [37] of the space
Diff(S1)/U(1), a coadjoint orbit of the Virasoro group.
See [24] for an extensive discussion of how to perform
this path integral. The model depends on two indepen-
dent, real scalar fields φ and φ¯ which obey the boundary
condition and identification
φ(θ+2pi, t) = φ(θ, t)+2pi , φ(θ, t) ∼ φ(θ, t)+a(t) , (10)
and similarly for φ¯. That is, at fixed time, φ and φ¯ are
elements of the quotient space Diff(S1)/U(1). The effec-
tive action is
S =− C
24pi
ˆ
d2x
(
φ′′∂+φ′
φ′2
− α20φ′∂+φ
)
− C
24pi
ˆ
d2x
(
φ¯′′∂−φ¯′
φ¯′2
− α20φ¯′∂−φ¯
)
,
(11)
where c = C + 1 is the central charge [24] and α0 =√
1− 24hC . Further ′ = ∂θ and x± = θ ± t are null
coordinates on the cylinder. There is a unique classi-
cal saddle modulo the identification, φ0 = φ¯0 = θ, and
4canonically normalizing fluctuations around the saddle,
one finds that the theory is weakly coupled at large C.
This model may also be derived from AdS3 gravity
with C = 32G . Analytically continuing y to real time,
the Euclidean geometry (8) becomes Lorentzian global
AdS3 with a defect at its center. Using the Chern-Simons
formulation [38, 39] of pure three-dimensional gravity,
in terms of which the defect is generated by a Wilson
line, one can rewrite the gravitational path integral in
this setting as a constrained chiral Wess-Zumino-Witten
model on the AdS boundary. This was done in [24], with
the result above.
To go from here to steady state correlation functions
we perform the double Wick rotation,
t→ −i2piy
β
, θ =
2piτ
β
, τ → it , (12)
with an appropriate i prescription. We work in the Eu-
clidean theory, and then continue to real time at the end.
To investigate pole-skipping we require the retarded
thermal two-point function of the stress tensor. It may
be deduced using the Virasoro algebra and the opera-
tor/state correspondence, but we find it instructive to
compute it using our EFT. Let us focus on the holomor-
phic sector. The holomorphic stress tensor is
T = − C
24
(
{φ, θ}+ α
2
0
2
φ′2
)
, (13)
where {f(x), x} = f ′′′(x)f ′(x) − 32 f
′′(x)2
f ′(x)2 is the Schwarzian
derivative, and similarly for T¯ . Expanding around the
classical saddle, φ = 2piτβ + ε, the stress tensor has a
linear coupling to ε
T = −Cα
2
0
48
− C
24
(∂2θ + α
2
0)∂θε+O(ε
2) . (14)
The quadratic action for ε obtained from (11) is
S2 =
C
24β
ˆ
dτdy ε(∂2θ + α
2
0)(∂τ + i∂y)ε , (15)
from which we obtain the ε propagator in Fourier space
〈ε(n, k)ε(−n,−k)〉 = 6β
2α20
piC
1
in(n2 − α20)(βk2pi − in)
,
(16)
where n labels Matsubara frequencies ωn =
2pin
β around
the τ -circle and k is y−momentum. The connected two-
point function of T at large c comes from a single ex-
change of ε. Computing this diagram and continuing to
real time, we extract the connected, retarded two-point
function of T++ in Fourier space (where now x
± = y± t),
GR++,++(ω, k) ≈
c α2
96pi
ω
(
ω2 +
(
2piα
β
)2)
ω + k + i
. (17)
Up to a change in normalization, this is the usual ther-
mal two-point function of a CFT2 [40] on the line at a
rescaled temperature 1β → αβ . (Indeed, using the meth-
ods of [40] one could reconstruct the quadratic approxi-
mation to this EFT.) There is a line of poles at ω = −k,
and zeros at ω = 0,± 2piiβ α. The lines cross and so poles
are skipped at ω = k = 0 and at ω = −k = ± 2piiβ α.
The + branch corresponds to an exponentially growing
mode e
2pi
β α(t+y). As we see below this mode yields the
Lyapunov exponent and a butterfly velocity equal to the
speed of light.
Correlators. We move on to consider correlation func-
tions of local operators in the steady state. In addition
to local operators like the stress tensor, the EFT has
bilocal operators, reparameterized two-point functions of
dimension ∆ primaries at the same value of y,
B(τ1, τ2, y, ; ∆) =
(
∂τ1f(τ1, y)
′∂τ2f(τ2, y)
(f(τ1, y)− f(τ2, y))2
)∆
, (18)
with f(τ, y) = tan
(
α0φ(τ,y)
2
)
. There is substantial evi-
dence [24] that the correlation functions of these bilocal
operators in the EFT above encode holomorphic Vira-
soro identity blocks. Effectively, the reparameterization
that appears in [32] is the dynamical degree of freedom
φ. In the Chern-Simons formulation of pure 3d grav-
ity, the bilocal is a boundary-anchored Wilson line (see
e.g. [41–43] for works relating these Wilson lines to Vira-
soro blocks).
Consider a light operator V of dimension ∆ = ∆V .
To leading order at large c the one-point function of B
is obtained by plugging the classical trajectory φ = 2piτβ
into B, giving
〈B(τ1, τ2, y; ∆V 〉 =
 piα
β sin
(
piατ12
β
)
2∆V (1 +O(c−1)) ,
(19)
which, after appropriate translation, is the leading or-
der result for the heavy-heavy-light-light (HHLL) block
obtained in [32]. The 1/c correction to the block was
computed in [44], and the 1/c correction to 〈B〉 was com-
puted in [24]; the two agree. So the EFT computes the
HHLL block. Approximating the two-point function of
V by the block and continuing to real time, we have
〈V (t, y)V (0, 0)〉β,h ≈
 piα
β sinh
(
piα
β (t+ y)
)
2∆V , (20)
which is the usual form for a thermal two-point function
in CFT2 at the same effective temperature as before
α
β .
However, the 1/c correction to the block is not periodic
under τ → τ + 1βeff . So the two-point function of V is
only approximately thermal at large c. This is the sense
in which the steady state is nearly thermalized.
5Now consider the 2n-point function of two light V1’s,
two light V2’s, and so on. This is approximated by a block
with two heavy insertions and 2n light insertions, which
we compute in our theory through the n-point function
of bilocals. At large c this n-point function factorizes
〈B1,2(∆V1) . . .B2n−1,2n(∆Vn)〉 (21)
= 〈B1,2(∆V1)〉 . . . 〈B2n−1,2n(∆Vn)〉
(
1 +O(c−1)
)
,
which recovers the known result for the HHL. . .L
block [33]. So 2n-point functions of light operators in
the steady state factorize into products of approximately
thermal two-point functions at temperature 1/βeff .
Now we wish to evaluate an OTOC in the steady state.
Consider the normalized four-point function of two light
operators V and two light operators W ,
F(τi, yi) = 〈V (τ1, y1)V (τ2, y2)W (τ3, y3)W (τ4, y4)〉β,h〈V (τ1, y1)V (τ2, y1)〉β,h〈W (τ3, y3)W (τ4, y4)〉β,h .
(22)
Approximating it as the identity block, we compute it in
our EFT at y1 = y2 = y, y3 = y4 = 0 via
F = 〈B(τ1, τ2, y; ∆V )B(τ3, τ4, 0; ∆W )〉〈B(τ1, τ2, y; ∆V )〉〈B(τ3, τ4, 0; ∆W )〉 , (23)
At leading order in large c this two-point function factor-
izes, F = 1 +O(c−1). The bilocal has a linear coupling
B1,2(∆) =
 piα0
β sin
(
piα0τ12
β
)
2∆ (1 + ∆J12 · ε+O(ε2)) ,
J12 · ε = ε′1 + ε′2 − α0 cot
(
piα0τ12
β
)
12 , (24)
where ′ indicates a θ-derivative. The O(c−1) term in F is
computed by a diagram with a single exchange. In terms
of the linear coupling we have F = 1 + ∆V ∆W 〈(J12 ·
ε)(J34 · ε)〉 + O(c−2). Fourier transforming the ε prop-
agator (16) to configuration space, and holomorphically
continuing to general yi we find after some manipulation
F = 1 + 2∆V ∆W
c
u2 2F1(2, 2; 4;u) +O(c
−2) , (25)
where
u =
(ζα1 − ζα2 )(ζα3 − ζα4 )
(ζα1 − ζα3 )(ζα2 − ζα4 )
, ζi = e
2pii(τi+iyi)
β . (26)
The correction is a reparameterized global conformal
block encoding the exchange of the stress tensor, and
it matches the result of [35] for the six-point block. Note
that the only effect of the heavy insertions is to rescale
the temperature to be 1/βeff . Indeed, performing a sec-
ond sheet continuation as in [5] to extract the OTOC, we
find an exponential growth ∼ ∆V ∆Wc e
2piα
β (t+y), so that
the Lyapunov exponent is (3) with a butterfly velocity
equal to the speed of light. This exponentially increasing
mode coincides with skipped pole in the retarded two-
point function of the stress tensor.
We may also extend our analysis to obtain the six-
point block with four “hefty” insertions with ∆ = O(
√
c).
It is already known that the global stress tensor block
exponentiates in the absence of heavy insertions [45]. The
same holds true with the heavy insertions. To see this, we
use that upon rescaling ε→ ε/√C so that its propagator
is O(c0) and taking ∆ = h
√
C with h fixed, the linear
coupling of the bilocal exponentiates,
B1,2(∆) =
 piα0
β sin
(
piα0τ12
β
)
2∆ ehJ12·ε (1 +O(1/√c)) .
(27)
Then F becomes
F = 〈〈ehV J12·εehWJ34·ε〉〉 (1 +O(1/√c)) , (28)
which exponentiates the single exchange,
F = exp (2hV hWu2 2F1(2, 2; 4;u)) (1 +O(1/√c)) .
(29)
As above the only effect of the heavy insertions is to re-
place the temperature with the effective one 1/βeff . Con-
sequently one finds the same Lyapunov growth as for
light operators.
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